
Module 5 - Design and Monitoring of Group Sequential Trials
University of Washington - Summer Institute in Biostatistics

Session 2 Take-Home Problems – Answer Key

1. Exploring the fixed sample design: For this problem, use RCTdesign to further explore potential changes
to the statistical design for the Hodgkin’s case study.

(a) Compare the resulting power curves for the original design with 196 events to the modified design
with 121 events. For what alternative (hazard ratio) would each study 80%, 90%, 95%, and 97.5%
power?

Solution: Code and output is given below. As expected, the design with 196 events achieves
universally higher power than the design with 196 events. As an example, the alternative for
which the design with 196 events attains 90% power is a hazard ratio of 0.6292, in comparison to
a 90% power point of 0.5547 for the design with 121 events.

> ##

> ##### Specification of designs

> ##

> survFixed.196 <- seqDesign( prob.model = "hazard", arms = 2, null.hypothesis = 1.,

+ alt.hypothesis = 0.67, ratio = c(1., 1.), nbr.analyses = 1,

+ test.type = "less", power = 0.80, alpha = 0.025 )

> survFixed.121 <- update( survFixed.196, sample.size=121, power="calculate" )

##

##### Comparison of power curves and alternatives at fixed power points

##

> seqPlotPower( survFixed.196, survFixed.121, lwd=2 )

> seqPlotPower( survFixed.121, reference=survFixed.196, lwd=2 )

> seqOC( survFixed.196, power=c(.80,.90,.95,.975) )

### Asymptotic Operating Characteristics

Operating characteristics

Theta ASN ExpTheta Power.lower

0.5710 195.75 0.5710 0.975

0.5973 195.75 0.5973 0.950

0.6292 195.75 0.6292 0.900

0.6700 195.75 0.6700 0.800

> seqOC( survFixed.121, power=c(.80,.90,.95,.975) )

### Asymptotic Operating Characteristics

Operating characteristics

Theta ASN ExpTheta Power.lower

0.4903 121 0.4903 0.975

0.5192 121 0.5192 0.950

0.5547 121 0.5547 0.900

0.6009 121 0.6009 0.800

(b) Again consider the original design with 196 events to the modified design with 121 events. Sup-
pose that the true hazard ratio comparing treatment to control were .83. What is the power of
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each design?

Solution: Again using seqOC() (now with the theta=0.83 option), the power for the design
with 196 events is 0.2558, compared to 0.1749 for the design with 121 events.

> seqOC( survFixed.196, theta=.83 )

### Asymptotic Operating Characteristics

Operating characteristics at theta= 0.83

ASN= 195.75

Expected theta= 0.83

Lower Power= 0.2558

Stopping Probabilities:

Lower Null Upper Total

Analysis time 1 0.2558 0 0.7442 1

> seqOC( survFixed.121, theta=.83 )

### Asymptotic Operating Characteristics

Operating characteristics at theta= 0.83

ASN= 121

Expected theta= 0.83

Lower Power= 0.1749

Stopping Probabilities:

Lower Null Upper Total

Analysis time 1 0.1749 0 0.8251 1

(c) Suppose the sponsor felt that they may be able to accrue 60 patients uniformly per year. What
would be the total number of expected events if accrual lasted 3 years with an additional year of
follow-up, assuming median survival (exponentially distributed) in the control arm was 9 months?
Compare the relevant operating characteristics of this design to the 196 and 121 event designs.
For this design, what would be the resulting 95% confidence interval for the true treatment effect
(hazard ratio) if the observed test statistic were exactly equal to critical value for the test?

Solution: First, we can obtain the total number of expected events using seqPHSubjects() and
back solving as follows:

> seqPHSubjects( survFixed.196, controlMedian = 0.75, accrualTime = 3,

followupTime = 1, nEvents = 146 )

accrualTime followupTime rate hazardRatio controlMedian nSubjects

1 3 1 56.209 1.00 0.75 168.63

2 3 1 60.037 0.67 0.75 180.11

Thus we would expect to see 146 events under these design/accrual assumptions. Below is code
to compare the power of this design to that of the 196 and 121 event designs. In addition, the
resulting 95% confidence interval for the true treatment effect (hazard ratio) if the observed test
statistic were exactly equal to critical value for the test (ie. an observed hazard ratio of 0.723) is
(0.523,1).

survFixed.146 <- update( survFixed.196, sample.size=146, power="calculate" )

seqPlotPower( survFixed.196, survFixed.146, survFixed.121, lwd=2 )
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seqPlotPower( survFixed.121, survFixed.146, reference=survFixed.196, lwd=2 )

seqOC(survFixed.146)

seqInference(survFixed.146)

> seqInference(survFixed.146)

Ordering *** a Boundary *** *** d Boundary ***

Time 1 Boundary 0.723 0.723

MLE 0.723 0.723

BAM 0.723 0.723

RBadj 0.723 0.723

Mean MUE 0.723 0.723

Mean P-value 0.025 0.025

Mean 95% Conf Int (0.523, 1) (0.523, 1)

Time MUE 0.723 0.723

Time P-value 0.025 0.025

Time 95% Conf Int (0.523, 1) (0.523, 1)

LR MUE 0.723 0.723

LR P-value 0.025 0.025

LR 95% Conf Int (0.523, 1) (0.523, 1)

(d) Suppose that the true median survival in the control arm were 1 year. How would this effect
the expected length of the trial if we still desired to attain 146 events under the accrual scenario
considered in part (c)?

Solution: If the total number of events were to be maintained at 146, the expected followup
would need to increase from 1 year to 1.68 years (for a total trial duration of 4.68 years).

> ## Followup time (if holding number of events constant)

> seqPHSubjects( survFixed.146, controlMedian = 1, accrualTime = 3, rate=60 )

accrualTime followupTime rate hazardRatio controlMedian nSubjects

1 3 1.1555 60 1.00 1 180

2 3 1.6840 60 0.67 1 180

(e) Assuming patients do accrue uniformly over 3 years at a rate of 60 per year and that the median
survival time in the control arm is 1 year, suppose that we wish to implement an interim analysis
at 50% of the maximal information obtained in the study. How far after the start of accrual would
this analysis likely take place?

Solution: Noting that information is proportional to the number of events under the proportional
hazards model, we would seek the time that approximately 146/2=73 events have occurred. Un-
der the above accrual scenario we compute this to be 0.43 years less than the total accrual time,
or 2.57 years after the start of accrual (if the true hazard ratio comparing treatment to control is
0.67) :

> seqPHSubjects( survFixed.146, controlMedian = 1, accrualTime = 3,

rate=60, nEvents=(146/2) )

accrualTime followupTime rate hazardRatio controlMedian nSubjects

1 3 -0.61727 60 1.00 1 180

2 3 -0.43420 60 0.67 1 180

> 3 + seqPHSubjects( survFixed.146, controlMedian = 1, accrualTime = 3,

rate=60, nEvents=(146/2) )$followupTime

[1] 2.3827 2.5658
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2. Monte Carlo simulation for group sequential study designs: (Note: This problem does require
some familiarity with writing simulations in R, but hints are given throughout.) A primary
focus of our class is the design and implementation of group sequential stopping rules for monitoring
a clinical trial. Due to efficiency and ethical (in the case of clinical trials) concerns, it is often advan-
tageous to intermittently test data as it is accumulated in an experiment. The decision as to whether
or not the experiment should continue after an interim analysis is formalized via a stopping rule. In
the general case, a stopping rule is defined for a schedule of analyses occurring at times t1, t2, . . . ,
tJ . Often, the analysis times are in turn defined according to the statistical information available at
each analysis. Because many statistical models have statistical information proportional to the sample
size accrued to the study, such an approach is equivalent to defining the sample sizes N1, N2, . . . , NJ
at which the analyses will be performed. For j = 1, . . . , J , we calculate a specified test statistic Tj
based on observations available at time tj . The outcome space for Tj is then partitioned into stopping
set Sj and continuation set Cj . Starting with j = 1, the experiment proceeds by computing Tj , and
if Tj ∈ Sj , the trial is stopped. Otherwise, Tj is in the continuation set Cj , and the trial gathers
additional observations until time tj+1. By choosing CJ = ∅, the empty set, the experiment must stop
at or before the J-th analysis.

Clearly, there are an infinite number of possible stopping rules that one could choose. Noting that
each rule carries particular scientific and statistical implications, it is imperative that one consider the
operating characteristics of any proposed rule. In this problem, we will use simulation to evaluate the
operating characteristics of selected group sequential designs (rules). We will do this in the context
of testing the mean from a single group consisting of normally distributed observations and a study
design that has a total of 4 analyses. Thus we will assume that Xi ∼ N (µ, σ2) and we wish to test
H0 : µ = µ0 vs. H1 : µ 6= µ0 = 0. Further we will begin by considering a class of stopping rules such
that at the j-th analysis, j = 1, 2, 3, 4 we will stop the trial if |Tj | > qj where

Tj ≡
X̄j√
s2j/Nj

,

with X̄j denoting the sample mean of the first Nj observations and s2j denoting the sample variance
based upon the first Nj observations. Throughout this exercise, set set.seed(123456).

(a) Simulate 100,000 experiments with µ = 0, σ2 = 1, α = .05, NJ = 100 and analyses occurring
after 25, 50, 75, and 100 observations have been accrued. For each of the simulated experiments,
calculate Tj , j = 1, 2, 3, 4. Store these results in a 4 × 100,000 matrix called interimStat.

Solution: See code posted online

(b) A natural first choice for a stopping rule is use a standard fixed sample critical value at all anal-
yses. That is, at the j-th analysis we will stop the trial if |Tj | > z1−α/2 where zq denotes the
q-th quantile of the standard normal distribution. Investigate the type I error of this proposed
stopping rule by using your simulated experiments and completing the table below (*Hint: To
obtain the q−th quantile of the standard normal distribution in R, type qnorm( q ).).

Solution: From the table below, we can see that we have the correct type I error rate at any
individual analysis (1st column). However, the overall type I error rate is inflated well over .05 as
12.55% of the simulated experiments rejected the null hypothesis for at least one analysis.

4



−4 −2 0 2 4 6

0.
0

0.
1

0.
2

0.
3

T_j

De
ns

ity

Figure 1: Estimated density of the group sequential test statistic T

Significant Proportion Number Proportion
at Significant Significant Significant

Analysis 1 0.04927 Exactly 1 0.07624
Analysis 2 0.05016 Exactly 2 0.02962
Analysis 3 0.05054 Exactly 3 0.01413
Analysis 4 0.05010 All 4 0.00555

Any 0.12554

(c) Plot and comment on the shape of the density of the observed test statistic after the above stop-
ping rule is applied. To do this, you will need to obtain the statistic that is observed the first
time the stopping boundary is crossed for each simulation.

Solution: Figure 1 provides an estimate of the density of the test statistic after the stopping
rule is applied. Clearly the statistic is not normally distributed (as would be the case with a
fixed sample test). The small peaks on the sides of the distribution occur at -1.96 and 1.96, the
threshold for deciding to stop or continue the experiment.

(d) Consider a generic stopping rule such that at the the j-th analysis we will stop the experiment
if |Tj | > q (ie. hold the stopping boundary constant at all analyses). Perform a search to find
the value q such that the overall type I error rate is .05 (this is called a level .05 Pocock design).
For each proposal in your search, you should estimate the type I error rate based upon 100,000
simulations.

Solution: Taking q = 2.360 yielded a type I error rate of 0.0500 in my simulation study.

(e) Now consider a generic stopping rule such that at the the j-th analysis we will stop the experi-

ment if |Sj | > q∗ where Sj ≡
∑Nj

i=1Xi is the partial sum of the first Nj observations. Perform a
search to find the value q∗ such that the overall type I error rate is .05 (this is called a level .05
O’Brien-Fleming design). For each proposal in your search, you should estimate the type I error
rate based upon 100,000 simulations.
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Figure 2: Depiction of the Pocock and O’Brien-Fleming stopping rules on the standardized test statistic
scale.

Solution: Taking q∗ = 28.597 yielded a type I error rate of 0.0500 in my simulation study.

(f) Standardize q∗ at each analysis by dividing by
√

Var[Sj ]. Plot q∗/
√

Var[Sj ] vs. the sample size
at each analysis and compare this to a plot of q vs. sample size from part (d).

Solution: Figure 2 provides a depiction of the Pocock and O’Brien-Fleming stopping rules on
the standardized test statistic scale. Although both stopping rules yield a type I error rate of .05,
from the plot it is clear that the O’Brien-Fleming is more conservative early on, implying that a
more extreme result is required in order to stop the experiment at an early analysis.

(g) In the current context, statistical power is defined as Pr[RejectH0|µ]. Based upon 100,000 simu-
lated experiments, estimate the power of the level .05 Pocock and O’Brien-Fleming designs that
you found in (d) and (e) at alternatives µ=0.2, 0.4, 0.6, 0.8, and 1. Based upon these 5 points,
how do the power curves compare? How do they compare with the power curve of a fixed sample
level .05 design where we only perform 1 analysis at 100 observations?

Solution: Estimates of power for ten different alternatives are given below (I included the others
for completeness). By definition, each design has a type I error rate of .05. However, the fixed
sample study obtains the highest power, followed by the O’Brien-Fleming design, then the Pocock
design. The relationship holds for each alternative considered.

mu pocPower obfPower fixedPower

[1,] 0.1 0.15429 0.03285 0.17530

[2,] 0.2 0.44237 0.20019 0.51948

[3,] 0.3 0.78254 0.55850 0.84933

[4,] 0.4 0.95981 0.87546 0.97984

[5,] 0.5 0.99691 0.98428 0.99880

[6,] 0.6 0.99991 0.99925 0.99999

[7,] 0.7 1.00000 0.99998 1.00000

[8,] 0.8 1.00000 1.00000 1.00000
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[9,] 0.9 1.00000 1.00000 1.00000

[10,] 1.0 1.00000 1.00000 1.00000

(h) As noted above, efficiency is a primary motivation for the use of group sequential methods. To
examine this, estimate the expected sample size corresponding to the level .05 Pocock and O’Brien-
Fleming designs that you found in (d) and (e) at alternatives µ=0.2, 0.4, 0.6, 0.8, and 1. How do
they compare (discuss this in relation to your result from (g))?

Solution: Estimates of the expected sample size (often referred to as the average sample number
or ASN) for ten different alternatives are given below (I included the others for completeness).
Again, by definition, each design has a type I error rate of .05. However, the fixed sample study
uses the most subjects (always 100), followed by the O’Brien-Fleming design, then the Pocock
design. The take-home message is that with group sequential testing, we sacrifice some power for
potential gains in sample size (on average).

mu pocASN obfASN fixedASN

[1,] 0.1 93.815 99.799 100

[2,] 0.2 83.523 98.421 100

[3,] 0.3 67.175 93.279 100

[4,] 0.4 50.729 83.069 100

[5,] 0.5 39.256 71.159 100

[6,] 0.6 32.310 61.078 100

[7,] 0.7 28.465 54.295 100

[8,] 0.8 26.462 50.276 100

[9,] 0.9 25.508 47.489 100

[10,] 1.0 25.150 44.126 100
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