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Where Am I Going?

Organization of the Course
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Why Randomize?

Clinical trial setting

Statistical role of variables in analysis
• Effect modification, confounding, precision

Common statistical models

Four most important questions of analysis
• Unadjusted vs adjusted analyses
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Nonadaptive Randomization

Completely randomized
• Statistical role of variables in design 

• Randomization ratio

Blocked randomization
• Time trends

Stratified randomization
• Confounding: conditional vs unconditional

• Precision
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Adaptive Randomization

Covariate adaptive allocation
• Provide face validity?

• Avoid confounding (conditionally)?

• Increase precision (unconditionally)?

Adaptive randomization ratios
• Better address ethics?

Adaptive discontinuation of subgroups
• Efficiency with effect modification?
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Why Randomize?

Clinical Trial Setting

Where am I going?

• Randomization (and the way we randomize) very much affects 
the scientific questions we can answer in a clinical trial

• We thus want to be able to 
− classify the types of questions we want to answer in a clinical trial,

− understand the reasons one type of question might be more 
important than another, and

− understand the importance of pre-specification of questions.
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Overall Goal

“Drug discovery”
• More generally 

– a therapy or preventive strategy 

– for some disease

– in some population of patients
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Typical Chronology

Observational epidemiology of disease, risk

Preclinical experiments
• Laboratory, animal studies of mechanisms, toxicology

Clinical trials
• Safety for further investigations / dose

• Safety of therapy

• Measures of efficacy

– Treatment, population, and outcomes

• Confirmation of efficacy / effectivenesss

Synthesis and quantification of evidence

Adoption of new treatment indication
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First Consideration

Where do we want to be?
• Find a new treatment that improves health of 

individuals

– “Personalized medicine”
• “Person” as fixed effects

• “Person” as random effects

• Find a new treatment that improves health of the 
population

– Treatments administered to a community

– Treatments tested on a population
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Treatment “Indication”

Disease
• Putative cause vs signs / symptoms

– May involve method of diagnosis, response to 
therapies

Population
• Restrict by risk of AEs or actual prior experience

Treatment or treatment strategy
• Formulation, administration, dose, frequency, duration, 

ancillary therapies

Outcome
• Clinical vs surrogate; timeframe; method of 

measurement
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Clinical Decision

What is the best treatment to give a patient

• Based on what we know about the patient?

• Based on what we know about the treatment?
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Second Consideration

Synthesize and evaluate evidence for a therapy
• Analysis and interpretation of clinical studies

Evidence Based Medicine (PICO)
• Patient population

– Disease and population characteristics

• Intervention

– Precise description of treatment strategy

• Comparator

– Alternatives in the absence of the new treatment

• Outcome

– Both beneficial and adverse
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Typical Scientific Hypotheses

The treatment will cause an individual’s outcome to 
be

better than,

worse than, or

about the same as

an absolute standard, or

what it would have been 
with some other 
treatment
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Counterfactual

The statement of the hypotheses assumed that it is 
possible to know what would have happened under 
some other treatment

• Generally we instead have to measure outcomes that 
are observed

– in another place (patient),

– at another time, and / or

– under different circumstances
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Causation vs Association

Truly determining causation requires a suitable 
interventional study (experiment)

• Comparisons tell us about associations

• Associations in the presence of an appropriate 
experimental design allows us to infer causation

– But even then, we need to be circumspect in 
identifying the true mechanistic cause

• E.g., a treatment that causes headaches, and therefore 
aspirin use, may result in lower heart attack rates due 
entirely to the use of aspirin
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First Statistical Refinement

The group that received the treatment will have 
outcome measurements that are

higher than,

lower than, or

about the same as

an absolute standard, or

measurements in an 
otherwise comparable 
group (that did not 
receive the treatment)
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Variation in Response

There is, of course, usually variation in outcome 
measurements across repetitions of an experiment

• Variation can be due to

– Unmeasured (hidden) variables
• In the process of scientific investigation, we investigate one 

“cause” in a setting where others are as yet undiscovered

• E.g., mix of etiologies, duration of disease, comorbid
conditions, genetics when studying new cancer therapies

– Inherent randomness
• (as dictated by quantum theory)
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Second Statistical Refinement

The group receiving the treatment will tend to have 
outcome measurements that are

higher than,

lower than, or

about the same as

an absolute standard, or

measurements in an 
otherwise comparable 
group (that did not 
receive the treatment)
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We Are Still Not Done

In order to be able to answer the question we must

– Define what we mean by “otherwise comparable”

– Define what we mean by “will tend to have”
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Effectiveness and Efficacy 

Effective treatments provide improvement in the 
general health of the population viewed as a whole.

Efficacious treatments administered to some 
identifiable subpopulation result in outcomes that 
are judged to be more beneficial to that that would 
be obtained in the untreated subpopulation. 

21

Effectiveness vs Efficacy

A treatment can be both efficacious and ineffective 
depending on such factors as

• Target population

– Restricted eligibility due to toxicity, compliance

• Intervention 

– Training, quality control, compliance

• Comparison treatment

– No treatment, active treatment, ancillary treatments

• Measurement of outcome(s)

– Clinical disease vs subclinical markers

• Summary measure of outcome distribution

– Effects on mean, median, outliers

22

Which: Efficacy or Effectiveness?

Motivation for efficacy
• “Knowledge is good”

• As pilot studies before prevention studies 

• When safety, efficacy can be answered separately

Motivation for effectiveness
• Serious conditions

• Short therapeutic window for treatment

• Waiver of informed consent

• High cost of clinical trials (time, people, $$)

Generally, effectiveness is most important, but…
• RCT setting is always partially artificial

23

Reporting Inference

At the end of the study analyze the data

Report three measures (four numbers)
• Point estimate

• Interval estimate

• Quantification of confidence / belief in hypotheses

Frequentist
• Unbiased (or consistency), CI, P value

Bayesian
• Posterior mean (or median, mode), credible interval, 

posterior probability

24

Full Report of Analysis

Four hypothetical studies of treatment 
for HTN

Study    n  SBP Diff      95% CI     P 
value

A     20   27.16    -14.14, 68.46   
0.1974

B     20    0.27     -0.14,  0.68   
0.1974

C 80 27.16 6.51, 47.81
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Interpretations from Interval Estimates

Studies A,B are both “nonsignificant”
• Only study B ruled out clinically important differences

• The results of study A might reasonably have been 
obtained if the treatment truly lowered SBP by as much 
as 68 mm Hg

Studies C, D are both statistically significant results
• Only study C demonstrated clinically important 

differences

• The results of study D are only frequently obtained if 
the treatment truly lowered SBP by 0.47 mm Hg or less
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Third Consideration

Where do we get the data to be synthesized?
• Well designed clinical interventional studies

Clinical trials
• Experimentation in human volunteers

• Investigates a new treatment/preventive agent

– Safety: 
• Do adverse effects that outweigh potential benefit?

– Efficacy: 
• Does treatment beneficially alter the disease process

– Effectiveness: 
• Would adoption of the treatment improve morbidity / 

mortality in the population?
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Legal Requirements for Good Science

Wiley Act (1906)
• Labeling

Food, Drug, and Cosmetics Act of 1938
• Safety

Kefauver – Harris Amendment (1962)
• Efficacy / effectiveness

– " [If] there is a lack of substantial evidence that the drug will have the 
effect ... shall issue an order refusing to approve the application. “

– “...The term 'substantial evidence' means evidence consisting of 
adequate and well-controlled investigations, including clinical 
investigations, by experts qualified by scientific training”

FDA Amendments Act (2007)
• Registration of RCTs, Pediatrics, Risk Evaluation and 

Mitigation Strategies (REMS)
28

Phases of Investigation

Series of studies support adoption of new treatment
• Preclinical

– Epidemiology including risk factors

– Basic science: Physiologic mechanisms

– Animal experiments: Toxicology

• Clinical

– Phase I: Initial safety / dose finding

– Phase II: Preliminary efficacy / further safety

– Phase III: Confirmatory efficacy / effectiveness

• Approval of indication

– (Phase IV:  Post-marketing surveillance, REMS)

29

Phase III Clinical Trials

Establishment of efficacy / effectiveness
• Goals:

– Confirm treatment’s efficacy on disease process
• Superiority over no treatment or existing treatment

• Noninferiority compared to existing treatment

– Incidence of major adverse effects

– Therapeutic index

– Modify clinical practice (obtain regulatory approval)

• Methods

– Relatively large number of participants from true 
target population (almost)

– Clinically relevant outcome
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Statistics and Science

Statistics is about science
• Science in the broadest sense of the word

Science is about proving things to people
• Science is necessarily adversarial

– Competing hypotheses to explain the real world

• Proof relies on willingness of the audience to believe it

• Science is a process of successive studies

Game theory: Accounting for conflicts of interest
• Financial

• Academic / scientific
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Scientific Method

Planned experiment includes protocol specified in 
advance, including

• Overall goal

• Specific aims

• Materials: Patients, treatments

• Methods: Administration, monitoring, outcomes

• Methods: Statistical analysis plan

– Sampling plan

– Statistical models for analysis

– Planned interpretation of spectrum of results

32

Primary Goal

A clinical trial is planned to detect the clinical 
sequelae of a treatment on clinical outcomes

• Statement of the outcome is a fundamental part of the 
scientific hypothesis

Every patient receiving the treatment must have an 
outcome 

• And everything that happens after administration of the 
treatment is potentially an effect of the treatment

33

Statistics and Game Theory

Multiple comparison issues
• Type I error for each endpoint

– In absence of treatment effect, will still decide a 
benefit exists with probability, say, .025

Multiple endpoints increase the chance of deciding 
an ineffective treatment should be adopted

• This problem exists with either frequentist or Bayesian 
criteria for evidence

• The actual inflation of the type I error depends

– the number of multiple comparisons, and

– the correlation between the endpoints 
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Ex: Level 0.05 per Decision

Experiment-wise Error Rate

Number  Worst            Correlation

Compared  Case   0.00   0.30   0.50   0.75   0.90

1      .050   .050 .050 .050 .050 .050

2      .100   .098   .095   .090   .081   .070

3      .150   .143   .137   .126   .104   .084

5      .250   .226   .208   .184   .138   .101

10      .500   .401   .353   .284   .193   .127

20     1.000   .642   .540   .420   .258   .154

50     1.000   .923   .806   .624   .353   .193

35

Primary Endpoint: Clinical

Consider (in order)
• The most relevant clinical endpoint

– Survival, quality of life

• The endpoint the treatment is most likely to affect

• The endpoint that can be assessed most accurately 
and precisely

36

Additional Endpoints

Other outcomes are then relegated to a “secondary”
status

• Supportive and confirmatory

• Safety

Some outcomes are considered “exploratory”
• Subgroup effects (“personalized medicine”)

• Effect modification (basic science)
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For Each Outcome Define “Tends To”

In general, the space of all probability distributions is 
not totally ordered

• There are an infinite number of ways we can define a 
tendency toward a “larger” outcome

• This can be difficult to decide even when we have data 
on the entire population

– Ex: Is the highest paid occupation in the US the one 
with

• the higher mean?

• the higher median?

• the higher maximum?

• the higher proportion making $1M per year?

38

Statistical Issues

Need to choose a primary summary measure or 
multiple comparison issues result

Example: Type I error with normal data
• Any single test:                                             0.050

• Mean, geometric mean                                 0.057

• Mean, Wilcoxon 0.061

• Mean, geom mean, Wilcoxon 0.066

• Above plus median                                       0.085

• Above plus Pr (Y > 1 sd)                              0.127

• Above plus Pr (Y > 1.645 sd)                       0.169
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Statistical Issues

Need to choose a primary summary measure or 
multiple comparison issues result

Example: Type I error with lognormal data
• Any single test:                                             0.050

• Mean, geometric mean                                 0.074

• Mean, Wilcoxon 0.077

• Mean, geom mean, Wilcoxon 0.082

• Above plus median                                       0.107

• Above plus Pr (Y > 1)                                    0.152

• Above plus Pr (Y > 1.645)                             0.192
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Summary Measures

Typically we order probability distributions on the 
basis of some summary measure

• Statistical hypotheses are then stated in terms of the 
summary measure

– Primary analysis based on detecting an effect on 
(most often) one summary measure

• Avoids pitfalls of multiple comparisons

» Especially important in a regulatory environment

41

Purposeful Vagueness

What I call “summary measures”, others might call 
“parameters”

• “Parameters” suggests use of parametric and 
semiparametric statistical models

– I am generally against such analysis methods

“Functionals” is probably the best word
• “Functional”= anything computed from a probability 

distribution function

• But too much of a feeling of “statistical jargon”

42

Marginal Summary Measures

Many times, statistical hypotheses are stated in 
terms of summary measures for univariate
(marginal) distributions

• Means (arithmetic, geometric, harmonic, …)

• Medians (or other quantiles)

• Proportion exceeding some threshold

• Odds of exceeding some threshold

• Time averaged hazard function (instantaneous risk)

• …
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Comparisons Across Groups

Comparisons across groups then use differences or 
ratios

• Difference / ratio of means (arithmetic, geometric, …)

• Difference / ratio of proportion exceeding some 
threshold

• Difference / ratio of medians (or other quantiles)

• Ratio of odds of exceeding some threshold

• Ratio of hazard (averaged across time?)

• …
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Joint Summary Measures

Other times groups are compared using a summary 
measure for the joint distribution

• Median difference / ratio of paired observations

• Probability that a randomly chosen measurement from 
one population might exceed that from the other

• …

45

Criteria for Summary Measure

We choose some summary measure of the 
probability distribution according to the following 
criteria (in order of importance)

• Scientifically (clinically) relevant

– Also reflects current state of knowledge

– Based on a loss function

• Is likely to vary across levels of the factor of interest

– Ability to detect variety of changes

• Statistical precision

– Only relevant if all other things are equal

46

No Comparison Group

Appropriate when an absolute criterion for treatment 
effect exists

Single arm clinical trial
• Cohort design

• Includes “pre-post” designs

(Rarely do such absolute criteria exist. Instead, we 
are really invoking the use of results from previous 
investigations.)
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Historical Controls

Single arm clinical trial

Compare results to
• Absolute criterion derived from historical trials

– Dishonest: Use only one-fourth the sample size

• Sample from historical clinical trial (better)

– More honest: Maybe only save half the sample size

48

Disadvantages of Historical Controls

However, the validity of such methods is heavily 
dependent upon the historical trial being 
comparable in every way

• No changes in comparison treatment

• No changes in definition of study population

• No changes in ancillary treatments 

• No changes in measurement of treatment outcome
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Conditions for Acceptability

Conditions for acceptability of historical control 
group (Pocock, J Chronic Disease, 1976)

• Such a group must have received a precisely defined 
standard treatment

• Group must have been a part of a recent clinical study 
containing the same requirements for patient eligibility

• Methods of treatment evaluation must be the same

• Distributions of important patient characteristics should 
be comparable

• Previous study must have been performed in the same 
organization with largely the same clinical investigators

• There must be no other indications leading one to 
expect differing results
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Attempted Statistical Solutions

Adjustment for confounders or propensity score 
analyses suffer from drawbacks noted by Byar
(Biometrics, 1980) and Simon (Ca Treat Rep, 1982):

• The variables that are measured and properly recorded 
typically explain only a small percentage in the 
variability in treatment group membership and 
treatment outcome.

– That is, the regression models used have a very low 
R2, thus our ability to have properly matched groups 
is rather low.
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Internal Controls

Each subject serves as his/her own control
• Different treatments at different times

– washout period necessary

• Different treatments for different parts of body

– eye diseases, skin diseases

– need to avoid cross-contamination

In a “cross-over design”, order of treatments should 
be randomized

• Contrast with “before-after” single arm trial
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Concurrent control group

Two or more treatment arms
• Randomized

• Placebo or standard therapy

• Active treatments

– Sometimes consider equivalence

• Multiple levels of same treatment

– Stronger evidence sometimes obtained from dose-
response

• Koch’s postulates

– Identifying optimal dose

53

Looking Ahead: Current Relevance

The randomization scheme must consider
• Science

• Statistics

• Regulatory setting (game theory)
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Looking Ahead: Current Relevance

The randomization scheme must consider
• Science

– Relevance of patient population

– Relevance of comparator treatment

– Comparability of patients on each arm

– Definition of outcome(s) for every patient

– Credibility in establishing cause and effect

– Eventual subgroup analyses

• Statistics

• Regulatory setting (game theory)
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Looking Ahead: Current Relevance

The randomization scheme must consider
• Science

• Statistics

– Summarization of outcome distribution

– Quantification of treatment effect

– Precision of inference

– Multiple comparison issues

• Regulatory setting (game theory)

56

Looking Ahead: Current Relevance

The randomization scheme must consider
• Science

• Statistics

• Regulatory setting (game theory)

– Pre-specification of statistical hypotheses

– Pre-specification of analysis techniques

57

Why Randomize?

Statistical Role of Variables in Analysis

Where am I going?

• Ultimately a RCT is designed to compare outcomes across 
groups in a statistical analysis

• It is useful to review the components of a statistical analysis 
model in order to 
− develop a standard nomenclature and

− discuss the goals and impact of randomization.
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Second Statistical Refinement

The group receiving the treatment will tend to have 
outcome measurements that are

higher than,

lower than, or

about the same as

an absolute standard, or

measurements in an 
otherwise comparable 
group (that did not 
receive the treatment)

59

Ex: Smoking Effect on FEV

Scientific question
• Does smoking lead to lower lung function in kids? 

Study design
• 654 healthy children
• Measure smoking by self report
• Measure lung function by FEV

– Forced expiratory volume: maximum volume of air 
that can be exhaled in 1 second

The Data
SMOKERS
1.953 2.236 3.428 3.208 1.694 3.957 4.789 2.384 3.074 2.387 3.835 2.599 4.756 3.086 4.309 3.413 2.975 3.169 3.343 3.751 2.216 3.078 3.186 3.297 
2.304 3.102 2.677 3.297 3.498 2.759 2.953 3.785 2.276 4.637 3.038 3.120 3.339 3.152 3.104 4.045 4.763 3.069 4.506 3.519 3.688 2.679 2.198 3.345 
3.082 2.903 3.004 3.406 3.122 3.330 2.608 3.799 4.086 4.070 2.264 4.404 2.278 4.872 4.270 3.727 2.795

NONSMOKERS
1.708 1.724 1.720 1.558 1.895 2.336 1.919 1.415 1.987 1.942 1.602 1.735 2.193 2.118 2.258 1.932 1.472 1.878 2.352 2.604 1.400 1.256 0.839 2.578 
2.988 1.404 2.348 1.755 2.980 2.100 1.282 3.000 2.673 2.093 1.612 2.175 2.725 2.071 1.547 2.004 3.135 2.420 1.776 1.931 1.343 2.076 1.624 1.344 
1.650 2.732 2.017 2.797 3.556 1.703 1.634 2.570 3.016 2.419 1.569 1.698 2.123 2.481 1.481 1.577 1.940 1.747 2.069 1.631 1.536 2.560 1.962 2.531 
2.715 2.457 2.090 1.789 1.858 1.452 3.842 1.719 2.111 1.695 2.211 1.794 1.917 2.144 1.253 2.659 1.580 2.126 3.029 2.964 1.611 2.215 2.388 2.196 
1.751 2.165 1.682 1.523 1.292 1.649 2.588 0.796 2.574 1.979 2.354 1.718 1.742 1.603 2.639 1.829 2.084 2.220 1.473 2.341 1.698 1.196 1.872 2.219 
2.420 1.827 1.461 1.338 2.090 1.697 1.562 2.040 1.609 2.458 2.650 1.429 1.675 1.947 2.069 1.572 1.348 2.288 1.773 0.791 1.905 2.463 1.431 2.631 
3.114 2.135 1.527 2.293 3.042 2.927 2.665 2.301 2.460 2.592 1.750 1.759 1.536 2.259 2.048 2.571 2.046 1.780 1.552 1.953 2.893 1.713 2.851 1.624 
2.631 1.819 1.658 2.158 1.789 3.004 2.503 1.933 2.091 2.316 1.704 1.606 1.165 2.102 2.320 2.230 1.716 1.790 1.146 2.187 2.717 1.796 1.335 2.119 
1.666 1.826 2.709 2.871 1.092 2.262 2.104 2.166 1.690 2.973 2.145 1.971 2.095 1.697 2.455 1.920 2.164 2.130 2.993 2.529 1.726 2.442 1.102 2.056 
1.808 2.305 1.969 1.556 1.072 2.042 1.512 1.423 3.681 1.991 1.897 1.370 1.338 2.016 2.639 1.389 1.612 2.135 2.681 3.223 1.796 2.010 1.523 1.744 
2.485 2.335 1.415 2.076 2.435 1.728 2.850 1.844 1.754 1.343 2.303 2.246 2.476 3.239 2.457 2.382 1.640 1.589 2.056 2.226 1.886 2.833 1.715 2.631 
2.550 1.912 1.877 1.935 1.539 2.803 2.923 2.358 2.094 1.855 1.535 2.135 1.930 2.182 1.359 2.002 1.699 2.500 2.366 2.069 1.418 2.333 1.514 1.758 
2.535 2.564 2.487 1.591 1.624 2.798 1.691 1.999 1.869 1.004 1.427 1.826 2.688 1.657 1.672 2.015 2.371 2.115 2.328 1.495 2.884 2.328 3.381 2.170 
3.470 3.058 1.811 2.524 2.642 3.741 4.336 4.842 4.550 2.841 3.166 3.816 2.561 3.654 2.481 2.665 3.203 3.549 3.222 3.111 3.490 3.147 2.520 2.292 
2.889 2.246 1.937 2.646 2.957 4.007 2.386 3.251 2.762 3.011 4.305 3.906 3.583 3.236 3.436 3.058 3.007 3.489 2.864 2.819 2.250 4.683 2.352 3.108 
3.994 4.393 2.592 3.193 2.346 3.515 2.754 2.720 2.463 2.633 3.048 3.111 3.745 2.094 3.183 3.977 3.354 3.411 3.171 3.887 2.646 2.504 3.587 3.845 
2.971 2.891 1.823 2.417 2.175 2.735 4.273 2.976 4.065 2.318 3.596 3.395 2.751 2.673 2.556 2.542 2.608 2.354 1.458 3.795 2.491 3.060 2.545 2.993 
3.305 3.774 2.855 2.988 2.498 3.169 2.887 2.704 3.515 3.425 2.287 2.434 2.365 2.696 2.868 2.813 3.255 4.593 4.111 1.916 1.858 3.350 2.901 2.241 
4.225 3.223 5.224 4.073 4.080 2.606 4.411 3.791 3.089 2.465 3.200 2.913 4.877 2.358 3.279 2.581 2.347 2.691 2.827 1.873 2.538 2.758 3.050 3.079 
2.201 1.858 3.403 3.501 2.578 1.665 2.081 2.974 4.073 4.448 3.984 2.250 2.752 3.680 2.862 3.023 3.681 3.255 3.692 2.356 4.591 3.082 3.258 2.216 
3.247 4.324 2.362 2.563 3.206 3.585 4.720 3.331 5.083 2.417 2.364 2.341 3.231 3.078 3.369 3.529 2.866 2.891 3.022 3.127 2.866 2.605 3.056 2.569 
2.501 3.320 2.123 3.780 3.847 3.924 2.132 2.752 2.449 3.456 3.073 2.688 3.329 4.271 3.530 2.928 2.689 2.332 2.934 3.110 2.894 2.435 2.838 3.035 
4.831 2.812 2.714 3.086 3.519 4.232 2.770 3.341 3.090 2.531 2.822 2.935 2.568 2.387 2.499 4.130 3.001 3.132 3.577 3.222 3.280 2.659 2.822 2.140 
4.203 2.997 2.562 3.082 3.806 2.458 2.391 3.141 2.579 2.100 2.785 4.284 2.906 5.102 4.429 4.279 4.500 2.635 3.082 3.387 5.793 3.985 4.220 4.724 
3.731 3.500 3.674 5.633 3.645 2.887 3.960 4.299 2.981 4.504 5.638 2.853 3.211
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Ex: Comparison of Groups with T test

Difference between mean FEV between smokers 
and nonsmokers

• | T | = 7.1496 on df = 83.27

• Two –sided P value: < 0.0001

– Statistically significant diff between dose groups

62

Ex: Analysis by Dose Group

Mean FEV by self-reported smoking status group
• Nonsmokers (N = 589)

– Average FEV  2.57 l / sec

– 95% CI: 2.50 l / sec to 2.63 l / sec

• Smokers (N = 65)

– Average FEV  3.28  l/ sec

– 95% CI: 3.09 l / sec to 3.46 l / sec

63

Ex: Comparison of Groups with T test

Difference in mean FEV between smokers and 
nonsmokers

• Point estimate: 0.711 l / sec higher FEV in smokers

• 95% CI: 0.513 l / sec to 0.908 / sec higher in smokers

– Above observation is not atypical if true difference in 
average is between 0.513 and 0.908

• Two –sided P value: < 0.0001

– Statistically significant diff between smoking groups

64

GM: Unadjusted Interpretation

Smoking effect
• Geometric mean of FEV is 10.8% higher in smokers 

than in nonsmokers 

– 95% CI: 4.1% to 17.9% higher

– These results are atypical of what we might expect 
with no true difference between groups: P = 0.001

65

GM: Age Adjusted Interpretation

Smoking effect
• Geometric mean of FEV is 5.0% lower in smokers than 

in nonsmokers of the same age

– 95% CI: 12.2% lower to 1.6% higher

– These results are not atypical of what we might 
expect with no true difference between groups of the 
same age: P = 0.136

66

Age, Ht Adjusted Interpretation

Smoking effect
• Geometric mean of FEV is 5.2% lower in smokers than 

in nonsmokers of the same age and height

– 95% CI: 9.6% to 0.6% lower

– These results are atypical of what we might expect 
with no true difference between groups of the same 
age and height: P = 0.027
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Ex: Take Home Message

Our scientific question was not

Is there a difference between smokers’ and nonsmokers’
average FEV?

But rather (“personalized medicine”?)

Do smokers average lower FEV than otherwise 
comparable nonsmokers?

68

Real-life Examples

Effects of arrhythmias post MI on survival
• Observational studies: high risk for death

• CAST: anti-arrhythmics have higher mortality

Effects of beta-carotene on lung CA and survival
• Observational studies: high dietary beta carotene has 

lower cancer incidence and longer survival

• CARET: beta carotene supplementation in smokers 
leads to higher lung CA incidence and lower survival

Effects of hormone therapy on cardiac events
• Observational studies: HT has lower cardiac morbidity 

and mortality

• WHI: HT in post menopausal women leads to higher 
cardiac mortality

69

Statistical Role of Variables

Outcome (response) variable(s)
• Primary and surrogates

Predictor(s) of interest (define main groups)

Subgroups of interest for effect modification

Potential confounders

Variables that add precision to analysis
• Known to be associated with response

• Often these are potential confounders

– may be associated with predictor(s) of interest in 
sample

Irrelevant to current question

70

Effect Modifier

The association between Response and POI differs 
in strata defined by effect modifier

• Statistical term: “Interaction”

• Depends on the measurement of effect

– Summary measure
• Mean, geometric mean, median, proportion, odds, hazard, 

etc.

– Comparison across groups
• Difference, ratio

71

Ignoring Effect Modification

By design or mistake, we sometimes do not model 
effect modification

• We might perform either

– Unadjusted analysis: 
• POI only

– Adjusted analysis: 
• POI and third variable, but no interaction term

– Stratified analysis:
• Reweighting to obtain desired average

72

Adjusted Analyses

If effect modification exists, an analysis adjusting 
only for the third variable (but not interaction) will 
tend toward a weighted average of the stratum 
specific effects

• Hence, an association in one stratum and not the other 
will make an adjusted analysis look like an association

– (providing sample size is large enough)

“Intent to Cheat” analysis
• Gain a larger indication by including strata with no 

effect
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Analysis of Effect Modification

When the scientific question involves effect 
modification, analyses must be within each stratum 
separately

• If we want to estimate degree of effect modification or 
test for its existence:

– A regression model will typically include
• Predictor of interest (main effect)

• Effect modifying variable (main effect)

• A covariate modeling the interaction (usually product)

• If we merely want to ensure treatment effect within 
each stratum

– Separate analysis for each stratum

– (Lower N than to prove effect modification)

74

Confounding

Definition of confounding
• The association between a predictor of interest and the 

response variable is confounded by a third variable if

– The third variable is associated with the predictor of 
interest in the sample, AND

– The third variable is associated with the response
• causally (in truth)

• in groups that are homogeneous with respect to the 
predictor of interest, and

• not in the causal pathway of interest

(A manifestation of Simpson’s paradox)

75

Adjustment for Covariates

We must consider our beliefs about the causal 
relationships among the measured variables

• We will not be able to assess causal relationships in 
our statistical analysis

– Inference of causation comes only from study design

• However, consideration of hypothesized causal 
relationships helps us decide which statistical question 
to answer 

76

Unadjusted, Adjusted Analyses

Confounding typically produces a difference 
between unadjusted and adjusted analyses, but 
those symptoms are not proof of confounding

• Such a difference can occur times when there is no 
confounding

– “Precision” variables in logistic, PH regression

– Complicated causal pathways

77

Precision

Sometimes we choose the exact scientific question 
to be answered on the basis of which question can 
be answered most precisely

• In general, questions can be answered more precisely 
if the within group distribution is less variable

– Comparing groups that are similar with respect to 
other important risk factors decreases variability

78

Controlling Variation

In a two sample comparison of means, we might 
control some variable in order to decrease the within 
group variability

• Restrict population sampled (subgroup analysis)

• Standardize ancillary treatments

• Standardize measurement procedure



Adaptive Randomization in Phase III 
Clinical Trials

March 21, 2010

14

79

Why Randomize?

Common Statistical Analysis Models

Where am I going?

• The scientific question posed by a clinical trial is typically 
translated into a statistical comparison of probability distributions
− Unadjusted or adjusted comparison of summary measures

• We will need to describe the statistical implications of any 
randomization strategy in the context of statistical analysis model
− Notation for regression on means, odds, or hazards

80

Summary Measures

The measures commonly used to summarize and 
compare distributions vary according to the types of 
data

• Means: binary; quantitative

• Medians: ordered; quantitative; censored 

• Proportions: binary; nominal

• Odds: binary; nominal

• Hazards: censored

– hazard = instantaneous rate of failure

81

“Everything is Regression”

The most commonly used two sample tests are 
special cases of regression

• Regression with a binary predictor

– Linear → t test

– Logistic → chi square (score test)

– Proportional hazards → logrank (score test) 

82

General Regression

General notation for variables and parameter

• The parameter might be the mean, geometric mean, 
odds, rate, instantaneous risk of an event (hazard), etc.

                 ofon distributi ofParameter 

subjectth  for the  variablesadjustment of Value         
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Multiple Regression

General notation for simple regression model

• The link function is usually either none (means) or log 
(geom mean, odds, hazard)
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Borrowing Information

Use other groups to make estimates in groups with 
sparse data

• Intuitively: 67  and 69 year olds would provide some 
relevant information about 68 year olds 

• Assuming straight line relationship tells us how to 
adjust data from other (even more distant) age groups

– If we do not know about the exact functional 
relationship, we might want to borrow information 
only close to each group 
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Defining “Contrasts”

Define a comparison across groups to use when 
answering scientific question

– If straight line relationship in parameter, slope for 
POI is difference in parameter between groups 
differing by 1 unit in X when all other covariates in 
model are equal

– If nonlinear relationship in parameter, slope is 
average difference in parameter between groups 
differing by 1 unit in X “holding covariates constant”

• Statistical jargon: a “contrast” across the groups

86

Regression Models

According to the parameter compared across 
groups

• Means             Linear regression

• Geom Means  Linear regression on logs

• Odds               Logistic regression

• Rates              Poisson regression

• Hazards          Proportional Hazards regr

• Quantiles  Parametric survival regr

87

Comparison of Models

The major difference between regression models is 
interpretation of the parameters

– Summary: Mean, geometric mean, odds, hazards

– Comparison of groups: Difference, ratio

Issues related to inclusion of covariates remain the 
same

– Address the scientific question
• Predictor of interest; Effect modifiers

– Address confounding

– Increase precision

88

Points Meriting Repeated Emphasis

Common regression models allow us to consider 
both adjusted and unadjusted analyses

Generally reasonable distribution-free inference
• Linear regression

– Extremely robust

• Logistic regression

– Some issues with model mis-specification

• Proportional hazards model

– Dependence on censoring distribution

– Robust if log hazard linear in log time over support 
of censoring distribution

89

Why Randomize?

Four Important Questions of Regression

Where am I going?

• The fundamental statistical distinctions between unadjusted and 
adjusted regression models are central to the goals of 
randomization

• We thus want to be able to consider the relationships between
− unadjusted and adjusted parameters, and

− the standard errors of the two parameter estimates.

90

Adjustment for Covariates

We “adjust” for other covariates
• Define groups according to

– Predictor of interest, and

– Other covariates

• Compare the distribution of response across groups 
which

– differ with respect to the Predictor of Interest, but

– are the same with respect to the other covariates
• “holding other variables constant”
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Unadjusted vs Adjusted Models

Adjustment for covariates changes the scientific 
question

• Unadjusted models

– Slope compares parameters across groups differing 
by 1 unit in the modeled predictor

• Groups may also differ with respect to other variables

• Adjusted models

– Slope compares parameters across groups differing 
by 1 unit in the modeled predictor but similar with 
respect to other modeled covariates 

92

Interpretation of Slopes

Difference in interpretation of slopes

• β1 = Compares  for groups differing by 1 unit in X

– (The distribution of W might differ across groups being 
compared)

• γ1 = Compares  for groups differing by 1 unit in X, but agreeing in 
their values of W

  iiii WXWXg  210,  :Model Adjusted 

  ii XXg  10     :Model Unadjusted 
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Comparing models
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General Results

These questions can not be answered precisely in 
the general case

• However, in linear regression we can derive exact 
results

• These will serve as a basis for later examination of

– Logistic regression

– Poisson regression

– Proportional hazards regression

95

Linear Regression

Difference in interpretation of slopes

• β1 = Diff in mean Y for groups differing by 1 unit in X

– (The distribution of W might differ across groups being 
compared)

• γ1 = Diff in mean Y for groups differing by 1 unit in X, but agreeing 
in their values of W

  iiiii WXWXYE  210,  :Model Adjusted 

  iii XXYE  10     :Model Unadjusted 
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Relationships: True Slopes

The slope of the unadjusted model will tend to be

Hence, true adjusted and unadjusted slopes for X are 
estimating the same quantity only if

• ρXW = 0   (X and W are truly uncorrelated), OR

• (no association between W and Y after adjusting for X)

211 
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Relationships: Estimated Slopes

The estimated slope of the unadjusted model will be

Hence, estimated adjusted and unadjusted slopes for X are 
equal only if

• rXW = 0   (X and W are uncorrelated in the sample, which can be 
arranged by experimental design), OR

• (which cannot be predetermined, because Y is random)

• sW = 0   (W is controlled at a single value in which case rXW = 0)
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Relationships: True SE
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Relationships: True SE
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Relationships: Estimated SE
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Special Cases

Behavior of unadjusted and adjusted models 
according to whether

• X and W are uncorrelated (no association in means)

• W is associated with Y after adjustment for X

InflationVar Irrelevant0

gConfoundinPrecision0

00

2

2









XWXW rr
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Simulations

Unadjusted and adjusted estimates of treatment 
effect as a function of

• Effect of a third covariate on mean outcome

• Association between third covariate and treatment

– Difference in mean covariate

– Difference in median covariate
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Linear Regression

Simulation results

Truth                               Estimates

ΔMdn α1 rXW γ2 γ1 β1 γ1

Irrelevant     0.0    0.0 0.00   0.0   0.0 0.0 (0.20)      0.0 (0.20)

Precision      0.0    0.0 0.00   1.0   0.0         0.0 (0.28)      0.0 (0.19)     

Precision    - 0.3    0.0    0.00   1.0   0.0         0.0 (0.28)      0.0 (0.20)     

Precision      0.0    0.0 0.00   1.0   1.0 1.0 (0.28)      1.0 (0.20)     

Confound     0.3    0.3    0.15   1.0   0.0         0.3 (0.28)  0.0 (0.21)     

Confound     0.0    0.3    0.15   1.0   0.0         0.3 (0.29)  0.0 (0.21)     

Var Inflatn 0.0    1.0    0.45   0.0   0.0 0.0 (0.20)     0.0 (0.22)     
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Logistic Regression

Simulation results

Truth                               Estimates

ΔMdn α1 rXW γ2 γ1 β1 γ1

Irrelevant     0.0    0.0 0.00   0.0   0.0 0.0 (0.42)      0.0 (0.42)

Precision      0.0    0.0 0.00   1.0   0.0         0.0 (0.40)      0.0 (0.42)     

Precision    - 0.3    0.0    0.00   1.0   0.0         0.0 (0.42)      0.0 (0.43)     

Precision      0.0    0.0 0.00   1.0   1.0 0.8 (0.43)      1.0 (0.49)     

Confound     0.3    0.3    0.15   1.0   0.0         0.3 (0.43)  0.0 (0.48)     

Confound     0.0    0.3    0.15   1.0   0.0         0.2 (0.41)  0.0 (0.47)     

Var Inflatn 0.0    1.0    0.45   0.0   0.0 0.0 (0.41)     0.0 (0.47)     

105

Proportional Hazards Regression

Simulation results

Truth                               Estimates

ΔMdn α1 rXW γ2 γ1 β1 γ1

Irrelevant     0.0    0.0 0.00   0.0   0.0 0.0 (0.20)      0.0 (0.20)

Precision      0.0    0.0 0.00   1.0   0.0         0.0 (0.21)      0.0 (0.22)     

Precision    - 0.3    0.0    0.00   1.0   0.0         0.0 (0.21)      0.0 (0.21)     

Precision      0.0    0.0 0.00   1.0   1.0 0.7 (0.21)      1.0 (0.22)     

Confound     0.3    0.3    0.15   1.0   0.0         0.2 (0.21)  0.0 (0.21)     

Confound     0.0    0.3    0.15   1.0   0.0         0.1 (0.20)  0.0 (0.22)     

Var Inflatn 0.0    1.0    0.45   0.0   0.0 0.0 (0.20)     0.0 (0.23)     
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Precision: Linear Regression

E.g., X, W independent in population (or completely 
randomized experiment) AND W associated with Y 
independent of X
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Precision: Logistic Regression

Adjusting for a precision variable 
– Deattenuates slope away from the null

– Standard errors reflect mean-variance relationship
• Substantially increased power only in extreme cases

» (OR > 5 for equal samples sizes of binary W)
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Precision: Poisson Regression

Adjusting for a precision variable 
– No effect on the slope (similar to linear regression)

• log ratios are linear in log means

– Standard errors reflect mean-variance relationship
• Virtually no effect on power

       1111

1111

ˆˆˆˆˆˆ                 Errs Std

ˆˆ                          Slopes

Estimates               Value True                                 





esessese 





Adaptive Randomization in Phase III 
Clinical Trials

March 21, 2010

19

109

Precision: PH Regression

Adjusting for a precision variable 
– Deattenuates slope away from the null

– Standard errors stay fairly constant
• (Complicated result of binomial mean-variance)
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Lin Reg: Stratified Randomization

Stratified (orthogonal) randomization in a designed 
experiment
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Confounding: Linear Regression

Causally associated with response and associated 
with POI in sample
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Relationships: True SE
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Confounding: Other Regression

With logistic, Poisson, PH regression we cannot 
write down a formula, but

– As with linear regression, anything can happen
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Variance Inflation

Associated with POI in sample, but not associated 
with response
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Var Inflation: Other Regressions

With logistic, Poisson, PH regression we cannot 
write down a formula, but

– Similar to linear regression
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Irrelevant Variables

Uncorrelated with POI in sample, and not 
associated with response

• Slight loss of precision in all regressions
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Nonadaptive Randomization

Randomization

Where am I going?

• The goal of a RCT is to assess cause and effect

• Randomization is the tool that allows this, but only for the 
scientific and statistical hypotheses that are based on 
randomization

118

Treatment of Variables

Measure and compare distribution across groups
• Response variable in regression

Vary systematically (intervention)

Control at a single level (fixed effects)

Control at multiple levels (fixed or random effects)
• Stratified (blocked) randomization

Measure and adjust (fixed or random effects)

Treat as “error”

119

Predictor of Interest

The predictor of interest is varied systematically
• r subjects on experimental treatment : 1 control

120

Cause and Effect

Necessary conditions for establishing cause and 
effect of a treatment

• The treatment should precede the effect

– Beware protopathic signs
• Marijuana and risk of MI within 3 hours

• When comparing groups differing in their treatment, the 
groups should be comparable in every other way (at 
baseline)
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Major Scientific Tool

Randomization is the major way in which cause and 
effect is established

• Ensures comparability of populations

– Each treatment group drawn from same population

– Differences in other prognostic factors will only differ 
by random sampling

• Provides balance on the total effect of all other prognostic 
factors

• May not provide balance on each individual factor

NB: Sequential allocation of patients is not 
randomization

• Possible time trends in recruitment, treatments, etc.
122

Blinding

In studies with concurrent comparison groups, 
blinding of treatment assignment can minimize bias

• Single blind experiments:

– Participant is unaware of treatment assignment

• Double blind experiments:

– Neither participant nor provider know treatment 
assignment

• Triple blind experiments:

– Monitoring committee also semi-blinded

• Blinded evaluation of outcomes

– Outcomes for each patient defined by blinded 
evaluator

123

Advantages

Blinding can serve to
• Minimize “placebo effect”: A participant being treated 

does better than one not being treated, irrespective of 
the actual treatment

• Minimize investigator bias in assessing

– accrual to study

– adverse events

– treatment outcomes

124

Impact on Treatment Definition

In human experimentation, we never test a 
treatment

• We may not ethically force people to continue a therapy

• It may not be medically advisable to even want a 
patient to continue

– Patients may discontinue a therapy due to headache

– If forced to continue, those patients may have CVA

Instead we test a treatment strategy
• We prescribe an initial treatment

• Patients may also receive ancillary treatments

– These may be precipitated by experimental therapy

• Patients may progress to other therapies

125

Definition of Treatments

Full description
• Formulation of treatment

• Dose, administration, frequency, duration

– Rules for responsive dosing (e.g., insulin)

– Include plans for
• Treatment of adverse events

• Dose reduction

• Dose discontinuation

• Ancillary treatments

– Prescribed vs allowed vs prohibited
• (Distinguish safety issues from efficacy issues)

126

Special Issues

Ultimately, the scientific credibility of the clinical trial 
stems from our ability to assign a treatment to the 
participants

• Ideally we do this in a random fashion

– Sequential allocation is not random

• At a given point in time, we can only assign a strategy

– Competing risks may make treatment impossible

– Intervening events may change indications

– Informed consent can be withdrawn

• We must avoid ruining the comparisons of strategies

– Naïve attempts to compare “treatment” may ruin our 
ability to assess what really can be tested
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Ramifications

Possible actions on progression
• Stay the course

– “Progression” dichotomizes a continuous process

– Treatment may be delaying that process

• Advance to other therapies

– Ideally the same for both treatment arms

• Cross-over to other arm

– Sometimes motivated to increase sample treated

– A huge scientific mistake but
• Ethics sometimes demands it

» PA catheterization vs central line

» Pemetrexed vs docetaxel

128

Comments

Can there be a noncompliant subject?
• Experimentally: NO

– By definition, all patients are following our strategy of 
having been told what treatment to take

• Clearly addresses effectiveness questions

• If efficacy had been our goal:

» Exclude noncompliant patients as much as possible

» Increase sample size to deal with attenuation

• Safety: MAYBE

– We do have to worry that adherence to treatment 
strategy may change after reporting efficacy

• We will only have tested safety under the compliance 
actually achieved

– Measuring compliance is important for interpretation 

129

Ramifications

An important distinction needs to be made between
• “Stopping study drug”

– This may happen due to
• Adverse events

• Progression

• Study burden

– While we hope for high compliance
• Badgering patients to remain on therapy can lead to worse 

adverse events or the quitting the study

– In the event of stopping study drug, all follow-up of 
primary outcomes should proceed as planned

• “Withdrawing consent”

– No further data will be available

130

Types of Missing Data

Ignorable
• We can safely throw out the cases with missing data 

without biasing our results

Nonignorable
• Omitting cases with missing data leads to erroneous 

conclusions

131

Sad Facts of Life

Typically, nothing in your data can tell you whether 
missing data is ignorable or nonignorable

• You just have to deal with what you worry about

• At the time of study design, plans should be made

– Sensitivity analyses?
• Worst case for new treatment, best for control; vice versa

– Imputation?

– Ignore?

132

Nonadaptive Randomization

Analytic Models

Where am I going?

• Randomization serves as the basis for ascribing cause and effect

• However, to realize this we must consider the statistical 
foundations for inference, which include

• Population model

• Randomization model
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Analytic Randomization Models

Population model
• Ensures treatment arms drawn from same population 

initially

• Test weak null hypothesis of no treatment effect on 
summary measure of interest

– E.g., test of equal mean outcome

– Can allow for treatment differences between arms 
on other aspects of outcome distribution

134

Analytic Randomization Models

Randomization model
• Conditions on the sample obtained

– E.g., permutation tests

– Pretends that all outcomes were pre-ordained 
absent a treatment effect

• Tests strong null hypothesis of no treatment effect 
whatsoever

– Under the null hypothesis, any difference in outcome 
must have been randomization imbalance

135

Comments: Strong vs Weak Null

Logical implications
• Strong Null Weak Null

• Rejection of Weak Null  Rejection of Strong Null

Advantages / Disadvantages of Strong Null
• Can always test strong null via permutation tests

• Assumption of strong null not in keeping with scientific 
method

– Assumptions are more detailed than primary 
question

• Primary question usually about first moment

• Semiparametric assumptions are about all moments

– Consider bone marrow transplantation
136

Comments: Choice of Analytic Models

First choice: Population model
• Randomization model does not typically allow testing of 

nonzero null hypotheses (e.g, noninferiority)

• Randomization model does not allow distribution-free 
estimation of confidence intervals

– For CI, we must know distribution under alternatives

But the randomization model is an important fall 
back position

• I generally feel uncomfortable in settings where a 
population model rejected a weak null but a 
randomization model could never reject the strong null

• (cf: Deterministic minimization methods)

137

Points Meriting Repeated Emphasis

Randomization is our friend…
• If we randomize, we do not (on average) need to worry 

about differences between the treatment groups with 
respect to factors present at time of randomization

– Any difference in outcomes can be attributed to 
treatment

• Again, recognize that treatment can lead to differential use 
of other ancillary treatments, however

But like all friends, we must treat it with respect.
• We must analyze our data in groups defined at the time 

of randomization

– Discarding or missing data on randomized subjects 
may lead to bias

• It certainly leads to diminished scientific credibility
138

Impact on Data Analysis

In presence of randomized treatment assignment
• Intent to treat analysis (ITT)

• Based on randomization

– “Modified ITT” acceptable for efficacy?
• Efficacy within strata identified pre-randomization

• Safety in all subjects

• Science: Population model (not randomization model)

– My view: “Permutation Tests Considered Harmful”
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Points for Further Elucidation

Confounding not an issue (on average)
• P value measures probability of observed effects 

occurring due only to randomization imbalance

Gain precision if 
• Control important predictors, or

• Adjust for stratification variables

Subgroup analyses
• If effect modification is concern

140

Nonadaptive Randomization

Complete Randomization

Where am I going?

• The simplest form of randomization is independent randomization 
of each individual

• Within the context of a completely randomized design, we can 
explore its performance with respect to
− Bias,

− Face validity, and

− Precision.

141

Randomization Strategies

Complete randomization (CRD)

Blocked randomization
• Ensure balance after every k patients

• Ensure closer adherence to randomization ratio

• Undisclosed block sizes to prevent bias

Stratified randomization
• Separately within strata defined by strong risk factors

– Lessens chance of randomization imbalance

• Need to consider how many variables can be used

Dynamic randomization
• Adaptive randomization to achieve best balance on 

marginal distribution of covariates
142

Complete Randomization (CRD)

With each accrued subject a (possibly biased) coin 
is tossed to determine which arm

• Probability of treatment arm = r / (r + 1)

• Independence of successive randomizations

Issues
• Bias

• Face validity

• Precision

143

CRD: Unbiased

On average (across repeated experiments)
• No correlation between treatment variable and other 

covariates

• Individual type I errors come from samples in which 
other covariates are imbalanced

211 
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Face Validity: Table 1

1.3 (0.9; 0.0 - 3.0)1281.2 (0.8; 0.0 - 3.0)128Avg fibrosis

2.3 (0.9; 1.0 - 4.0)1282.2 (0.9; 1.0 - 4.0)128Avg stage

3.9 (0.8; 1.6 - 6.1)1333.8 (0.8; 1.6 - 6.3)128Mayo score

1.0 (0.1; 0.7 - 1.3)1321.0 (0.1; 0.7 - 1.3)124Prothrombin time INR

4.0 (0.3; 3.0 - 4.8)1334.0 (0.3; 3.1 - 6.0)132Albumin

0.7 (0.4; 0.1 - 2.4)1330.7 (0.4; 0.1 - 2.7)132Total bilirubin

50.6 (41.4; 12 - 311)13254.5 (41.7; 12 - 202)131ALT

245.0 (187.6; 66 - 1130)133242.6 (145.9; 53 - 933)132Alkaline phosphatase

3.0% 1336.1% 132Edema

11.3% 1334.6% 132Telangiectasia

10.5% 1338.4% 131Splenomegaly

6.9 (3.8; 4 - 20)1247.7 (3.8; 4 - 16)116Pruritus score

92.5% 13392.4% 132Female

52.2 (8.5; 26 - 67)13350.4 (8.5; 32 - 69)132Age (yrs)

Mean (SD; Min – Max)nMean (SD; Min – Max)n

Placebo ArmMethotrexate Arm
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CRD: Face Validity

Table 1: Potential for imbalance in covariates
• Depends on number of covariates and correlations 

among them

• Probability of at least one “significant” imbalance

Number   Worst            Correlation

Displayed  Case   0.00   0.30   0.50   0.75   0.90

1       .050   .050 .050 .050 .050 .050

2       .100   .098   .095   .090   .081   .070

3       .150   .143   .137   .126   .104   .084

5       .250   .226   .208   .184   .138   .101

10       .500   .401   .353   .284   .193   .127

20      1.000   .642   .540   .420   .258   .154

50      1.000   .923   .806   .624   .353   .193 146

CRD: Face Validity

Of course, statistical significance is not the issue
• “Conditional confounding”

– How does unadjusted estimate compare to adjusted 
estimate?

– Product of sample correlation between X and W and 
adjusted association between Y and W

211 
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Demonstration of the Problem

Consider a CRD in presence of
• 4 highly correlated predictors with larger importance

• 6 independent predictors with smaller importance

• No treatment effect

Questions about unadjusted analysis
• What is type I error?  0.025

• What does imbalance in predictors tell us about type I 
error?

– Sensitivity, specificity of imbalance in predictors 
under null hypothesis

– Dependence on R2 of measured covariates

148

Low Association: 2-sided

ROC curve for covariate imbalance “explaining”
statistical significance under the null
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High Association: 2-sided

ROC curve for covariate imbalance “explaining”
statistical significance under the null

n100b0.3r0.5 Two-sided (Rsqr Maj 0.476 Full 0.537 )
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Low Association: 1-sided

ROC curve for covariate imbalance “explaining”
statistical significance under the null

n100b0.1r0.5 One-Sided (Rsqr Maj 0.122 Full 0.223 )
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High Association: 1-sided

ROC curve for covariate imbalance “explaining”
statistical significance under the null

n100b0.3r0.5 One-Sided (Rsqr Maj 0.476 Full 0.536 )
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Face Validity

Spurious results due to covariate imbalance
• Unconditionally: Unbiased so no problem

• Conditional on obtained randomization:

– IF covariates are strongly predictive of outcome, 
then covariate imbalance is predictive of type I error

– But need to consider that combined effect of other 
measured and unmeasured covariates may provide 
balance

Ultimately, however, we need to have credible 
results

• We do not always get to choose what others believe

153

Precision

Impact of completely randomized design on 
precision of inference

• Impact of imbalance in sample sizes

– The number accrued to each arm is random

• Impact of imbalance in covariates

– “One statistician’s mean is another statistician’s 
variance”

154

Randomization Ratio

Most efficient
• When test statistics involve a sum, choose ratio equal 

to ratio of standard deviations

Most ethical for patients on study
• Assign more patients to best treatment

– Many sponsors / patients presume new treatment

– (Adaptive randomization: Play the winner)

Most ethical for general patient population
• Whatever is most efficient (generally not adaptive)

Other goals
• Attaining sufficient patients exposed to new treatment

• Maintaining DSMB blind

155

Comment: Optimal r (Fixed n)

Suppose we are constrained by maximal sample 
size n = n1 + n2

• Smallest standard error when 
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Comment: Optimal r (Fixed n)

Optimal for Fixed n1 + n2: r = s1 / s2

Sample Size Ratio r = n1 / n2
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Comment: Diminishing Returns

When we are unconstrained by maximal sample 
size we still hit a point of diminishing returns

• Often quoted: r = 5

158

Comment: Diminishing Returns

Diminishing Returns: r > 5?

Sample Size Ratio r = n1 / n2
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CRD: Efficiency Loss from Wrong Ratio

CRD may not attain optimal ratio
• Following table explores practical inefficiency

• (True inefficiency is infinite due to possibility of no 
subjects randomized to one group)

N   r= 1   r= 2   r= 3   r= 5   r=10

20 1.0599 1.0652 1.0694   ***    ***

50 1.0213 1.0219 1.0229 1.0258 1.0282

100 1.0103 1.0104 1.0106 1.0111 1.0130

200 1.0051 1.0051 1.0051 1.0053 1.0056

500 1.0020 1.0020 1.0020 1.0020 1.0021

1000 1.0010 1.0010 1.0010 1.0010 1.0010

160

CRD: Efficiency Loss from Imbalance

Covariates may be imbalanced across arms
• Variability across replicated experiments increased if 

important predictor not controlled

– Increased within group variance
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CRD: Improved Performance

If we adjust for important covariates, we will often 
gain precision

• Face validity in Table 1 if readers recognize that 
adjustment accounts for any observed imbalance

Caveats:
• If covariate imbalance by arm, model misspecification 

can be an issue re conditional bias

• If covariate imbalance by arm, lack of effect can be an 
issue re variance inflation

• If adjustment not TOTALLY prespecified, “intent to 
cheat” analysis can be an issue 

– Not too much loss of precision from imperfect model
162

CRD: Continuous vs Dichotomized

.858.699.229.281.909.696.209.2790.7

.581.409.225.279.655.423.209.2810.5

.243.184.231.287.285.178.209.2790.3

.062.045.229.284.062.053.209.2780.1

.026.023.231.284.024.026.211.2810.0

AdjUnadjAdjUnadjAdjUnadjAdjUnadj

PowerSE SlopePowerSE Slope
Tx Eff

CRD – Dichotomized AdjustCRD – Continuous Adjust
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Nonadaptive Randomization

Blocked Randomization

Where am I going?

• Blocking is sometimes used to ensure
• Proper ratio of sample sizes across groups, and

• Balance across arms over time

164

Randomization Strategies

Complete randomization

Blocked randomization
• Ensure balance after every k patients

• Ensure closer adherence to randomization ratio

• Undisclosed block sizes to prevent bias

Stratified randomization
• Separately within strata defined by strong risk factors

– Lessens chance of randomization imbalance

• Need to consider how many variables can be used

Dynamic randomization
• Adaptive randomization to achieve best balance on 

marginal distribution of covariates

165

Issues with CRD

Imbalance across arms in sample sizes
• Not much of an issue with large sample sizes

• Could be problematic with sequential sampling

– Interim analyses of data early in the study

Imbalance across arms in time trends
• Outcome may be associated with time of accrual

166

Mechanisms Leading to Time Trends

Patients accrued early may differ from those 
accrued later, because

• Backlog of eligible patients

• Startup of new clinical sites

• Pressure to increase accrual

• Secular trends in beliefs about intervention

– (Made much worse if any interim results leak out)

• Secular trends in diagnostic tools used for eligibility

• Secular trends in ancillary treatments

167

Blocked Randomization

Within every sequence of k patients, the ratio of 
treatment to control is exactly r : 1

• Within each “block” ordering of treatments is random

Important caveats:
• Investigators must not know block size

– Otherwise, decisions to enroll patients might be 
affected by knowledge of next assignment

• Hence, often use “concealed blocks of varying sizes”

168

Alternative Strategy: Urn Model

Begin with k white balls and rk black balls in an urn

Upon accrual of a patient draw a ball from urn
• White  control; black  treatment

• After every white ball withdrawn, return 1 white ball and 
rm black balls

• After every r-th black ball withdrawn, return r black balls 
and m white balls

Such a strategy tends to behave like small blocks 
early and complete randomization later, depending 
on k and m
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Comparison of Blocking Strategies

SD proportion on treatment for 3:1 randomization
• Urn (k=1, m=1) vs Blocking (size = 8) vs CRD
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Statistical Inference

Impact on statistical inference relative to CRD
• Bias properties unchanged

• Face validity largely unchanged

– We rarely report accrual patterns over time

• Precision slightly improved due to achieving closer to 
desired randomization ratio

• Precision could be improved if adjust for blocks as a 
random effect in analysis

– This is rarely done, except in re-randomization test
• Large number of small blocks, often with small variance of 

the random effects

171

Nonadaptive Randomization

Stratified Randomization

Where am I going?

• Stratified randomization is sometimes used to ensure proper ratio 
of sample sizes across subgroups defined by important 
covariates, thereby 

• Decreasing conditional bias,

• Improving face validity, and

• Possibly improving precision

• Major improvements in precision are gained only with adjustment 
for important stratification variables 172

Randomization Strategies

Complete randomization

Blocked randomization
• Ensure balance after every k patients

• Ensure closer adherence to randomization ratio

• Undisclosed block sizes to prevent bias

Stratified randomization
• Separately within strata defined by strong risk factors

– Lessens chance of randomization imbalance

• Need to consider how many variables can be used

Dynamic randomization
• Adaptive randomization to achieve best balance on 

marginal distribution of covariates

173

Issues with CRD

Imbalance across arms in covariate distribution
• Loss of face validity

• Conditional bias

• Not much of an issue with large sample sizes

• Could be problematic with sequential sampling

– Interim analyses of data early in the study

• Could be problematic with subgroup analyses

– Possibility of very inefficient randomization ratio in 
small subgroups

174

Stratified Randomization

Strata are defined based on values of important 
covariates

• E.g., sex, age, disease severity, clinical site

Within each stratum defined by a unique 
combination of stratification variables, CRD or 
blocked randomization

Important caveats:
• Number of strata is exponential in number of 

stratification variables

– E.g., 4 two level stratification variables  16 strata
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Statistical Inference

Impact on statistical inference relative to CRD
• Bias properties unchanged

• Face validity improved for most important variables

• Precision improved due to achieving closer to desired 
randomization ratio

• Precision could be further improved if adjust for 
stratification variables in analysis

– This should be done
• Without adjustment for strata, may even lose power for 

some alternatives

– Requires pre-specification of analysis model to avoid 
“intent to cheat” analysis

176

CRD vs Orthogonal Randomization

.924.759.205.205.909.696.209.2790.7

.684.403.205.205.655.423.209.2810.5

.313.115.205.205.285.178.209.2790.3

.069.013.208.208.062.053.209.2780.1

.026.005.206.206.024.026.211.2810.0

AdjUnadjAdjUnadjAdjUnadjAdjUnadj

PowerSE SlopePowerSE Slope
Tx Eff

Orthogonal RandomizationCRD – Continuous Adjust

177

Advantages

Additional advantages of stratification
• Balance within clinical center

– Especially if quality control issues

• Balance for interim analyses

• Balance for subgroup analyses

178

Adaptive Randomization

Covariate Adaptive Randomization

Where am I going?

• Stratified randomizations has drawbacks in the presence of 
sparse data

• Some authors have described dynamic randomization processes 
that will allow balancing on more covariates

179

Issues with Stratified Analyses

The need to stratify on all combinations of variables 
• Good news: 

– Balances on interactions as well as main effects

• Bad news:

– Effect of interactions might be quite small

– Really only need to adjust on “counterfactual”
outcome based on linear combination of all 
covariates

180

Dynamic Randomization

Subjects are assigned to the treatment arm that will 
achieve best balance

• “Minimization”: minimize the difference between the 
distribution of covariate effects between arms

– Define a “distance” between arms for covariate 
vectors

– Probability of assignment depends upon arm that 
would provide smallest difference
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Distance Between Arms

Two arms are “distant” based on one of:
• Randomization ratio very different from r : 1 in some 

stratum

• Summary measure of distribution of (Wi1,…,Wip) differs

– Mean, median, variance, …

• Distribution of (Wi1,…,Wip) differs

• Contribution of covariates to the outcome differs

182

Conditional Confounding
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Conditional Confounding
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Distance Metrics

   

   

          





 





















S

s

n

i
WX

n

i
WXs

s

p

j j

jj
j

p

j
jjj

siisii
cXd

n

WVar

WW
cXd

WWXd

1 1
0

1
1

1

1

01

1
01

1111

:,, strata across in  imbalance Weighted

:means edstandardizbetween  distance Weighted

:gconfoundin on tocontribution  Based
















W,

W,

W,

185

Implication

Spurious associations will be minimized if means of 
important predictors are balanced across treatment 
arms

• The greater the value of δj the more important it is for 
the means of the j-th covariate to be equal

– (Presumes linear model reasonable approximation)

• We could use estimates of the of δj‘s to define the 
distance between the arms (or just balance means)

Balancing group sizes across covariates will tend to 
have means balanced by randomization

• Group sizes within strata may matter for subgroup 
analyses

186

Probability of Assignment

Subjects are assigned to the treatment arm that will 
achieve best balance

• When i-th patient accrued, compute a randomization 
probability

• 0  < πi   < 1

• Larger values of Δi  smaller values of πi

• Probably best to avoid πi =  0 and πi    =  1
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Inference: Population Model

Impact on statistical inference relative to CRD
• Bias properties unchanged

• Face validity improved for most important variables

• Precision improved due to achieving closer to desired 
randomization ratio

• Precision could be further improved if adjust for 
stratification variables in analysis for population model

– This should be done

– Requires pre-specification of analysis model to avoid 
“intent to cheat” analysis

188

Inference: Randomization Model

Proschan, Brittain, Kammerman, 2010: Precision 
could be greatly hampered if you analyze under 
randomization hypothesis

Alternative randomization schemes may be quite 
restrictive, especially under unequal randomization

• Suppose sequential allocation

– Randomization P value is identically 1 (or 0.5?)

• If dynamic randomization has πi =  0 or πi    =  1 too 
often, range of randomization P values is greatly 
restricted

Also: Statistical analysis can be quite involved

189

Advantages / Disadvantages

Advantages
• Typically improved face validity

• Can handle an arbitrary number of covariates

– Depending on distance metric

Disadvantages
• Logistically more involved

• Decreased credibility if too deterministic

– Approaches sequential allocation

• Some analytic strategies more complex

• Does not necessarily facilitate subgroup analyses

– Unless distance metric chosen carefully
190

Adaptive Randomization

Response Adaptive Randomization

Where am I going?

• Some authors have described dynamic randomization processes 
that attempt to minimize exposure of patients to harmful 
treatments

191

Ethics

Clinical trials are experiments in human volunteers

Individual ethics
• Patients on trial: Avoid continued administration of 

inferior treatment

• Patients not yet on trial: Avoid starting inferior treatment

Group ethics
• Facilitate rapid adoption of new beneficial treatments

• Avoid prolonging study of ineffective treatments

192

Solutions

Most commonly used
• Sequential sampling

– Interim analyses of data

– Terminate trials when credible decisions can be 
made

Also proposed
• Response adaptive randomization

– Change randomization probabilities as evidence 
accumulates that one treatment might be best

– “Play the winner”
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Play the Winner: Urn Model

Begin with k white balls and k black balls in an urn

Upon accrual of a patient draw a ball from urn
• White  control; black  treatment

Observe outcome
• If outcome is good, return m+1 balls of same color as 

withdrawn

• If outcome is bad, return 1 ball of same color as 
withdrawn and m balls of opposite color

194

Analytic Issues

Treatment of successive patients is not independent 
of previous patients treatment and results

• Possible bias in accrual of future patients

Conditionally biased estimates of treatment effect in 
arm with lower sample sizes

• Bad early results tend to preclude regression to mean

Randomization hypothesis can lead to quite 
unconvincing results

195

Example: ECMO Study

Randomized clinical trial of extracorporeal 
membrane oxygenation in newborns

• Randomized PTW design with k=1

Data:
• First patient on ECMO survived

• Next patient on control died

• Next 9 patients on ECMO survived

Inference (Begg, 1990)
• P value of 0.001, 0.051, 0.083, 0.28, 0.62? 

196

Comments

This experience has tempered enthusiasm for 
randomized PTW

• Interestingly, follow-up studies had 67% survival on 
conventional therapy

I believe there can be times that this will work, but 
• There needs to be a clear dilemma re individual ethics

• There will tend to be decreased group ethics

• It takes a lot of planning in order to obtain results that 
will be sufficiently credible

– Assuming your conclusion will not cut it

197

Adaptive Randomization

Dropping Subgroups or Arms

Where am I going?

• Generally Phase III studies are meant to be confirmatory

• Occasionally such studies can still accommodate adaptive 
curtailment of subgroups or treatment arms

198

Example 1: History

Industry sponsored trials of new biologic agent in 
the treatment of pneumonia

• Investigation proceeded through Phase I, Phase II 
testing

• Preliminary evidence of efficacy supported progressing 
to Phase III trial

• In Phase III trial, some suggestion that treatment is 
most beneficial in subgroup of patients

– Unclear which dose was most promising
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Example 1: History

Manufacturing process limitations
• Unless a marked benefit of higher dose, the sponsor 

would want to use only the lower dose

Mission
• At interim analyses decide whether there is a 

substantial improvement with higher dose

• Preserve inference for remaining does

Issues
• Effect of dose response on inference about remaining 

dose

• Safety profile
200

Example 2: History

Industry sponsored trials of new biologic agent in 
the treatment of sepsis

• Investigation proceeded through Phase I, Phase II 
testing

• Preliminary evidence of efficacy supported progressing 
to Phase III trial

• In Phase III trial, some suggestion that treatment is 
most beneficial in patients with major organ failure

201

Example 2 : History

Sponsor designing next Phase III (placebo 
controlled) trial

• Choices

– Ignore the results from the subgroup analysis

– Use prior entry criteria but terminate study early (and 
design new trial) if subgroups differ

– Restrict patient entry to those with major organ 
failure 

202

Example 2 : History

FDA concerns

• If next trial is conducted in different patient population, 
can this really be regarded as a confirmatory trial? 

203

Example 2 : History

Mission: Design an adaptive trial that will address 
potential differences within subgroups

• Trial initially accrues patients per previous definitions

• Predefined subgroups examined for consistency of 
effect at interim analyses

• Subgroup may be dropped if no evidence of effect

– (in agreement with previous trial)

204

Options

“Adaptive Designs” allowing unlimited alterations
• Fisher’s self designing trial: Weighted Z statistics

• Combining P values 

Prespecified group sequential rules
• Allow determination of sampling distribution for a 

sufficient statistic
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Adaptive Sampling: Examples

E.g., Proschan & Hunsberger (1995)
• Modify ultimate sample size based on conditional 

power

– Computed under current best estimate (if high 
enough)

• Make adjustment to inference to maintain Type I error

206

Incremental Statistics

Statistic at the j-th analysis a weighted average of 
data accrued between analyses
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Conditional Distribution
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Unconditional Distribution
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Two Stage Design

Proschan & Hunsberger consider worst case
• At first stage, choose sample size of second stage

– N2 = N2(Z1) to maximize type I error

• At second stage, reject if Z2 > a2

Worst case type I error of two stage design

• Can be more than two times the nominal

– a2 = 1.96 gives type I error of 0.0616

– (Compare to Bonferroni results)
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Better Approaches

Proschan and Hunsberger describe adaptations 
using restricted procedures to maintain 
experimentwise type I error

• Must prespecify a conditional error function which 
would maintain type I error

– Then find appropriate a2 for second stage based on 
N2 which can be chosen arbitrarily 

• But still have loss of power
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Motivation for Adaptive Designs

Scientific and statistical hypotheses of interest
• Modify target population, intervention, measurement of 

outcome, alternative hypotheses of interest

• Possible justification

– Changing conditions in medical environment
• Approval/withdrawal of competing/ancillary treatments

• Diagnostic procedures

– New knowledge from other trials about similar 
treatments

– Evidence from ongoing trial
• Toxicity profile (therapeutic index)

• Subgroup effects

212

Motivation for Adaptive Designs

Modification of other design parameters may have 
great impact on the hypotheses considered

• Statistical criteria for credible evidence

• Maximal statistical information

• Randomization ratios

• Schedule of analyses

• Conditions for early stopping

213

Cost of Planning Not to Plan

Major issues with use of adaptive designs
• What do we truly gain?

– Can proper evaluation of trial designs obviate need?

• What can we lose?

– Efficiency? (and how should it be measured?)

– Scientific inference?
• Science vs Statistics vs Game theory 

• Definition of scientific/statistical hypotheses

• Quantifying precision of inference

214

Prespecified Modification Rules

Adaptive sampling plans exact a price in statistical 
efficiency

• Tsiatis & Mehta (2002)

– A classic prespecified group sequential stopping rule 
can be found that is more efficient than a given 
adaptive design

• Shi & Emerson (2003)

– Fisher’s test statistic in the self-designing trial 
provides markedly less precise inference than that 
based on the MLE

• To compute the sampling distribution of the latter, the 
sampling plan must be known

215

Prespecified Plans

Adaptive designs versus prespecified stopping rules
• Adaptive designs come at a price of efficiency and 

(sometimes) scientific interpretation

• With adequate tools for careful evaluation of designs, 
there is little need for adaptive designs

216

Setting

Notation

• Observed responses XTi in treatment group

• Observed responses XCi in control group

• Test statistic 

2
CT XX

nZ
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Setting

Notation

• Subgroups A and B

– Subgroup A previously seemed to have greater 
treatment effect

• Test statistics comparing treatment to placebo

– ZA in subgroup A

– ZB in subgroup B

– Z = (ZA + ZB) / 2  in combined sample

•

218

Group Sequential Testing

Notation

• Data are analyzed when N1, N2, …, NJ subjects 
accrued

• Stopping rule

– Stop for efficacy if Zj > dj

– Stop for futility if Zj < aj

219

Group Sequential Testing

Notation

• Stopping boundaries chosen such that type I error of 
hypothesis test is 

• Dimensionality is reduced by considering boundary 
shape functions (see Kittelson and Emerson, 1999)

220

Different Type I Errors

221

Different Early Conservatism

222

Adaptive Testing of Subgroups

Use up to three group sequential stopping rules

• Test of treatment effect in combined group

– efficacy, futility

• Test for similar effect across subgroups

– if not, stop subgroup B

• If subgroup B previously stopped, test for efficacy, 
futility in subgroup A
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Adaptive Testing of Subgroups

Alternative representation as partition of outcomes

space for ZAj and ZBj

• Each of the group sequential tests define lines 
demarcating regions for

– stopping both subgroups simultaneously

– stopping subgroup B for futility

– stopping subgroup A for futility or efficacy

– continuing to the next analysis

224

Adaptive Testing of Subgroups

Alternative representation as partition of outcomes

space for ZAj and ZBj

225

Adaptive Testing of Subgroups

Issues to be considered

• Hierarchy of tests

– Stop both subgroups for efficacy

– Stop subgroup B for lack of efficacy
• if so, consider subgroup A efficacy, futility

– Stop both subgroups for futility

– Continue to next analysis

226

Adaptive Testing of Subgroups

Issues to be considered (cont.)
• Criteria for dropping subgroup B

– Difference between subgroups (presence of 
interaction)

• maintain combined group as long as possible

– Limited effect in subgroup B
• absolute criterion

– Combination of the two

227

Adaptive Testing of Subgroups

Issues to be considered (cont.)
• Operating characteristics to control

– Experimentwise Type I error
• probability of declaring any effect when treatment 

ineffective in both subgroups

– Probability of correctly identifying a beneficial effect 
in subgroup A

– Probability of incorrectly identifying a beneficial 
effect in subgroup B

– Probability of incorrectly dropping subgroup B
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Adaptive Testing of Subgroups

Issues to be considered (cont.)
• Tradeoffs in presence of differential beneficial effects

– Greater power if restricted to subgroup with most 
beneficial effect

• (but may take longer to accrue)

– Decreased indication if only approved in one of the 
subgroups

• (but after earning money can restudy other subgroup at 
leisure)
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Adaptive Testing of Subgroups

Issues to be considered (cont.)

• Sample sizes to accrue if subgroup B dropped

• Parameterization of decision rules

230

Adaptive Testing of Subgroups

Basic strategy explored here
• Level 1 group sequential test of combined subgroups

• Level 2 group sequential test to decide whether to 
drop subgroup B

– based on differential effect, or

– based on absolute effect in subgroup B

– (2 only used as parameterization, though it should 
indicate tradeoff between combined and subgroup 
analysis)
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Adaptive Testing of Subgroups

Basic strategy explored here (cont.)
• Level 1 group sequential test of subgroup A if 

subgroup B dropped

• 2 chosen arbitrarily

• 1 chosen to achieve experimentwise level .025 test

• If subgroup B dropped, subgroup A accrues to sample 
size planned for combined groups
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Adaptive Testing of Subgroups

Comparisons
• Nonadaptive trial with combined subgroups

• Nonadaptive trial with subgroup A only

• Four designs

– Design 1 vs 2: early conservatism of subgroup

– Design 1 vs 3: relative vs absolute criteria for 
dropping subgroup B

– Design 1 vs 4: size of test used to drop subgroup B
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Equal Treatment Effects in Subgroups

234

Small Treatment Effect in Subgroup B
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No Treatment Effect in Subgroup B

236

Interpretation

Role of adaptive trial as confirmatory
• In absence of subgroup analyses, assumption is that 

same effect holds in both subgroups

• Restriction to subgroup only decreases patients who 
might be exposed to ineffective treatment

• If same ordering of subgroups observed in next trial, 
there is no reason not to regard results as confirmatory

237

Summary

Post hoc identification of subgroups is always 
suspect, however

• there is a range of operating characteristics that can be 
achieved by varying the decision rules even within the 
limited examples shown here

• finding optimal rules should consider the costs and 
benefits of  reduced indicaton versus reduced power

• there is relatively little cost scientifically in considering 
the subgroups


